We show how a passive image-rotating optical resonator can be used to convert a linearly polarized, lowest-order Gaussian beam into a radially polarized beam. The image and polarization rotation of the cavity removes the frequency degeneracy of the modes, making it possible to select the radially polarized mode by cavity tuning. With the addition of gain, the same cavity should operate as a radially polarized laser when injection seeded at the proper wavelength.
Introduction
Radially polarized hollow beams are of interest for a variety of applications. For example, radially polarized beams can be used to trap or guide particles that seek the dark beam center, 1, 2 to increase the mode volume in a laser cavity, 3, 4 for improved laser cutting of metals, 5 for resolution-enhanced microscopy, 6 for probing the orientation of single molecules, 7 and for laser-driven charged particle acceleration. 8, 9 Radially and azimuthally polarized modes are modes of cylindrical waveguides and may have low loss in hollow metallic waveguides. 10, 11 When a radially polarized beam is focused with high numerical aperture, it produces a strong longitudinal field at the focus. 12 Its strength can exceed the maximum strength of the transverse field. Furthermore, the spot size of the longitudinal field is smaller than the spot size of the ring-mode transverse fields.
Radially polarized beams have been created in a variety of ways, either by manipulating a linearly polarized, lowest-order Gaussian beam or in direct emission from a suitable laser. Tidwell et al. 13, 14 used interferometric methods to convert filled, linearly polarized beams into radially polarized beams. Other passive methods of generating radially polarized beams include coupling between two laterally offset optical fibers that can preferentially excite radially polarized modes 15 and subwavelength spiral gratings. 16, 17 Radially polarized laser designs include a He-Ne laser with a conical dielectric element that introduces high loss for all but the radially polarized mode. 18 Another design uses an intracavity uniaxial crystal oriented for propagation along the optic axis. The e-polarized light refracts more in the crystal than does the o-polarized light. If the cavity is designed so that the higher refraction leads to lower loss, the radially polarized mode is favored. 19, 20 Maric and Garmire 11 used a hollow metal waveguide as part of the cavity of a CO 2 laser. The lower-loss TM 0n , or radially polarized modes, were favored. Concentricgrating surface-emitting lasers have been shown to produce azimuthally polarized beams. 21, 22 In this paper we present another passive method of beam conversion from a linearly polarized filled beam to a radially polarized hollow beam. This conversion is accomplished using a four-mirror image-rotating optical resonator. We anticipate that the same resonator should prove capable of generating radially polarized beams directly as a laser. Figure 1 shows a radially polarized mode along with the closely related azimuthally polarized and hybrid modes. Each has a dark center because light on opposite sides of the beam are phase reversed. The half-wave retarders shown in Fig. 1 convert among the modes. For example, the azimuthally polarized mode can be converted into the radially polarized mode using two half-wave retarders oriented 45°apart. All three of these modes propagate without change in character, meaning that, although their radial profiles may change, they each retain their dark center and polarization distributions.
Experiment
Our resonator, shown in Fig. 2 , was described in detail in an earlier paper. 23 Briefly, it is a nonplanar four-mirror ring with two long legs, L 1 and L 3 , and two short legs, L 2 and L 4 , with a ͌ 2 length ratio of the long to short sides. This ratio, combined with the orthogonal planes of reflection at mirrors M 1 and M 2 , gives a 90°rotation of the beam on each round trip of the cavity. Like all image-rotating cavities, it has a unique optical axis. Only rays that coincide with the axis retrace themselves on each cavity pass. Rays parallel to the axis but displaced laterally will retrace after four cavity passes. If all the cavity mirrors have equal reflectivities for the s and p polarizations, the polarization will also be rotated by 90°on each cavity pass. Note that if the input beam is s or p polarized relative to M 2 , then the polarization will also be rotated by 90°, even if there are differences in the reflectivities for s and p polarizations. Figure 3 shows how a radially polarized mode can be excited by illuminating mirror M 1 with a linearly polarized beam that is offset but parallel to the cavity axis. The incident beam is labeled 1. After one pass of the cavity the position will be rotated 90°a bout the cavity axis, and the resulting beam is labeled 2. As noted above, the polarization will be rotated by 90°if all mirrors reflect s-and p-polarized light identically or if the incident beam is s or p polarized. Subsequent passes around the cavity give the beams labeled 3 and 4. If the cavity length is adjusted so the phase of the beams on opposite sides of the axis are 180°out of phase, the beam center will be dark. There are then two possibilities for the phase of beam 2. It can be ϩ90°or Ϫ90°p hase shifted relative to beam 1, assuming there is no phase shift between s-and p-polarized waves. In either case the cavity will be resonant, but one case gives a radially polarized beam whereas the other gives the hybrid polarization of Fig. 1 .
For our experimental studies, we used four identical dielectric mirrors with reflectivities of 0.95 and 0.87 for s and p polarizations, respectively, and with a measured s-to-p phase shift of less than 4°. A zeroth-order Gaussian beam from a single-mode Ti: sapphire laser ͑ ϭ 800 nm͒ was input into the cavity through mirror M 1 at a horizontal offset from the cavity axis. To excite radial and hybrid modes, the polarization of the input beam was set to be horizontal. Figure 4 shows an irradiance profile of a hollow beam emerging from mirror M 2 , measured with a CCD camera. We determined the polarization properties of the modes by placing a linear polarizer in the emerging beam. Figure 5 shows sample irradiance profiles of the analyzed radial and hybrid modes. In the radially polarized case the transmitted two-lobed irradiance pattern rotated in the same direction as the polarizer, whereas for the hybrid mode the pattern rotated in the opposite direction from the polarizer. These behaviors are consistent with the polarizations of the modes shown in Fig. 1 .
The radially polarized and hybrid polarized modes are not frequency degenerate. The cavity length must be changed by ͞2 to change the output from one mode to the other. We experimentally switched between the modes by tuning the wavelength of the input laser. We also note that an azimuthally polarized beam could be generated for the same cavity length as the radially polarized beam by rotating the polarization of the injected beam by 90°.
Cavity-Mode Description
It is instructive to describe the cavity in terms of its eigenpolarizations. In this analysis we ignore diffraction because the beam diameters are large and the mirrors are planar. The positioning of the beams after traversing the cavity is determined entirely by the image-rotating property of the cavity that in turn is determined solely by the cavity geometry. The polarization behavior, in contrast, depends also on the mirror reflectivities. We can analyze the polarization evolution using standard matrix methods. From the cavity geometry we know 23 that the plane of incidence for mirror M 3 is rotated by 45°from that at mirror M 2 . Similarly the planes for mirrors M 1 and M 4 lie 45°apart. The planes of incidence rotate by 90°in going from mirror M 1 to mirror M 2 and in going from mirror M 3 to M 4 . Starting at the cylinder in Fig. 2 and proceeding around the cavity, we reflect from M 2 , rotate by 45°, reflect from M 3 , rotate by 90°, reflect from M 4 , rotate by 45°, reflect from M 4 , and rotate by 90°. This puts us back in the original reference frame. Describing the optical field as
the round trip is described by
where M ref,i is the matrix that describes the transformation of the polarization on reflection from mir-
with r si being the amplitude of the reflection coefficient for s-polarized light at mirror M i , r pi being the amplitude of the reflection coefficient for p-polarized light, and i being the phase shift between the p and s reflection coefficients. M rot,45 is the matrix for 45°r otation: which is equivalent to a 90°rotation accompanied by an overall reflectivity of r s r p and a phase shift of . The full round-trip matrix is
To simplify the calculation of the eigenmodes for a single round trip of the cavity, we make some assumptions about the mirrors. In our measurements we used four identical mirrors that have reflectivities of 0.95 for s polarization and 0.87 for p polarization. We assume that the s-to-p phase shift is zero, so our round-trip matrix becomes (7) which we approximate for simplicity as
For a single pass of the cavity, the eigenpolarizations are ͑1, i͒ and ͑1, Ϫi͒, or right-circular polarization ͑RCP͒ and left-circular polarization ͑LCP͒. Calculating the eigenvalues for the two circular polarizations indicates that a round-trip pass of the cavity introduces a phase shift of Ϯ90°. These phase shifts are expected from the polarization rotation caused by the cavity. Because the cavity rotates the polarization by 90°, this will either advance or retard the phase of a circularly polarized beam by 90°de-pending on whether it is right-or left-circularly polarized.
The differing phase shifts split the resonances of LCP and RCP light, as shown in Fig. 6 , with a cavity length difference of ͞2 between the two resonances. If we tune to a RCP resonance and displace the incident circularly polarized beam from the axis, the mode looks like that in Fig. 7͑a͒ . It is a filled beam because there is no phase reversal on opposite sides of the beam. If we then lengthen the cavity by ͞4, each cavity pass introduces an additional 90°phase shift, and the mode becomes that of Fig. 7͑b͒ . In the language sometimes used to describe beams with a helical phase front, this is a circularly polarized charge ͑ϩ1͒ vortex or doughnut mode 1, 24 where the magnitude of the charge is the number of waves of phase advance around the dark center of the beam and the sign indicates the direction of the phase ramp. This beam has a net angular momentum of zero because the spin and orbital angular momentums cancel one another. 25 Degenerate with this mode is a charge ͑Ϫ1͒ vortex mode of LCP. Added coherently, these two modes are the radially polarized beam shown in Fig. 6 . Lengthening the cavity by ͞2 tunes to a pair of degenerate vortex modes with reversed charges, and the sum of those is the hybrid mode shown in Fig. 6. 
Conclusions
We have demonstrated that using a cavity with 90°i mage rotation on each pass breaks the frequency degeneracy of vortex modes of different charge. With appropriate seeding this allows us to reliably and efficiently generate high-quality vortex modes. By controlling the polarization and wavelength of the beam input into the passive cavity, we were able to produce radially polarized hollow beams. We antic- . ͑a͒ Schematic of the polarization distribution when the incident light is circularly polarized and the cavity is tuned to resonance. The beam is filled in because there is no phase reversal on opposite sides of the beam. ͑b͒ Schematic of the polarization distribution when the cavity is lengthened by ͞4 to produce a circularly polarized vortex beam.
ipate that placing an isotropic gain medium such as Nd:glass in the cavity will produce similar behavior if the lasing frequency is determined by seed light tuned to one of the cavity resonances. For the gain of the ring modes to compete with the filled beam modes it may be necessary to have an annular gain profile that matches the ring mode. If the gain medium has thermally induced birefringence with a radial distribution, as is commonly the case, the azimuthally and radially polarized modes should shift apart in frequency, so it may be possible to preferentially excite one or the other by frequency selection.
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